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Abstract
We consider brane cosmology when the 4D Ricci scalar term is added to the 5D Einstein-Hilbert
action. The induced brane dynamics is shown to be the usual Einstein dynamics coupled to a
modified energy-momentum tensor which is well defined once the 5D Einstein equations are solved
in the bulk. In order to obtain a bulk solution, which will consist of outgoing brane waves,
we construct a time-dependent solution for the Randall-Sundrum model with non zero spatial
curvature applying boosts along the fifth dimension and patching together isometries broken by
the brane. The 5D Einstein equations valid everywhere in the bulk, but not in the brane, are
projected on the brane. Then making use for the embedding of the brane in the bulk of the Israel
junction conditions, modified by a source term coming from the addition of the intrinsic curvature
scalar in the bulk action, it is possible to generate brane cosmological solutions consistent with the
bulk geometry for any kind of matter confined to the brane.
PACS numbers: 04.20.Jb - Exact solutions; 04.50.+h - Gravity in more than four dimensions.




In the present work we investigate the cosmological evolution in the brane starting from
the framework of the Randall-Sundrum spacetime [1]. The effective 4D gravitational equa-
tions in the brane without curvature correction terms were first obtained by Shiromizu,
Maeda and Sasaki [2]. The SMS equations have been later recovered on the brane and
generalized off the brane considering both the accelerations of normals and the presence of
general bulk energy-momentum tensor [3]. However, even taking more generalized gravita-
tional actions, the derived 4D Einstein equations do not in general form a closed system
due to the presence of a Weyl term which can only be specified in terms of the bulk metric,
so other equations are to be written down and different procedures arise in splitting the
non-Einsteinian terms between bulk and brane [4]. We assume omogeneity and isotropy in
the three ordinary spatial dimensions but these symmetries cannot be extended to the extra
dimension due to the presence of the brane, so all the physical quantities will depend on
time and on the extra dimension. The solutions of the 5D Einstein equations that we shall
first obtain will be valid strictly in the bulk and will consist of outgoing brane plane waves
depending uniquely of the scale factor a(t, y). Then we project on the brane at y = 0 those
equations and making use of the junction conditions, modified by an additional term coming
from the (4)R curvature correction, as the boundary conditions imposed for the embedding
of the brane in the bulk we can generate a 4D cosmological solution for any kind of matter
confined to the brane. The paper is organised as follows. In the next Section, before giving
a brief account of our method, we summarize the effective brane equations obtained by Kofi-
nas [5] when the (4)R term is included in the 5D action. Such a term, that was considered by
other authors in the literature (see [6],[7],[8] and references therein), is generically introduced
by quantum corrections coming from the bulk gravity and its coupling with matter confined
to the brane, moreover its inclusion brings a convenient decomposition of the matter terms.
In Section 3 we transform the static line element proposed by Randall and Sundrum into a
dynamical one containing a three-space with constant curvature and obtain, using the 5D
Einstein equations, the corresponding energy-momentum tensor in the bulk. In Section 4
we find the related equations in the brane, assumed infinitely thin and Z2 symmetric in the
bulk. Some illustrative examples are described in Section 5. Finally, conclusions are given
in Section 6.
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Conventions. Throughout the paper the 5D metric signature is taken to be (+,+,+,−, ε)
where ε can be +1 or −1 depending on whether the extra dimension is spacelike or timelike,
while the choice of 4D metric signature is (+,+,+,−). The spacetimes coordinates are
labelled xi = (r, ϑ, ϕ), x4 = t. The extra coordinate is x5 = y. Bulk indices will be denoted
by capital Latin letters and brane indices by lower Greek letters. In what follows we choose
units such that h¯ = c = 1
2. Braneworld Einstein field equations
In this section we recall the results obtained by Kofinas [5], which we shall use in the
following, giving a brief account of their derivation. Once we have solved the equations in
the bulk, the form of the induced equations will allow us finding brane solutions following the
methods of General Relativity with a well defined energy-momentum tensor. The starting
point in [5] is a three-dimensional brane Σ embedded in a five-dimensional spacetime M .
For convenience the coordinate y is chosen such that the hypersurface y = 0 coincides with




















− (4)g Lmat4 d4x (1)
The constants κ25 and κ
2
4 are given by




4 = 8πG4 =M
−2
4 (2)
where M5 and M4 are the Planck masses. Varying (1) with respect to the bulk metric gAB
one obtains the equations








(4)GBA − κ24 (4)TBA + Λ4hBA) (4)
is the localized energy-momentum tensor of the brane. (5)GAB and
(4)GAB denote the Ein-
stein tensors constructed from the bulk and the brane metrics respectively, while the tensor
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hAB = gAB − εnAnB is the induced metric on the hypersurfaces y = constant, with nA the




, nA = (0, 0, 0, 0, εΦ) (5)
The way the coordinate y has been chosen allows to write the five-dimensional line element,
at least in the neighborood of the brane, as
dS2 = gAB dx
AdxB = gµν dx
µdxν + εΦ2dy2 (6)
Using the methods of canonical analysis [9] the Einstein eqs. (3) in the bulk are split into
the following sets of equations
Kνµ;ν − K;µ = ε κ25Φ (5)T yµ (7a)
KµνK
ν
µ −K2 + ε (4)R = 2 ε (Λ5 − κ25 (5)T yy ) (7b)
∂Kµν
∂y












(5)T − 2Λ5) δµν (7c)






, KAy = 0 (8)
The Israel junction conditions [10] for the singular part in eq. (7c) are








where the bracket means discontinuity of the quantity across y = 0 and Φ0 = Φ(y = 0).
Consequently, considering a Z2 symmetry on reflection around the brane, eqs. (4) become










ν (y = 0
+) = −Kµν (y = 0−) and rc = κ25/κ24 is a crossover term which
determines the region of validity of conventional four-dimensional General Relativity. Equa-
tions (10) assume the form of usual Einstein equations with the energy-momentum tensor
splitted into the common brane energy-momentum tensor plus additional terms which are
all multiplied by 1/rc. From eq. (7a) it follows that the tensor
(4)T µν satisfies the usual con-
servation law (4)T µν;µ = 0 provided
(5)T yµ = 0, which means no exchange of energy between
4
brane and bulk. The quantities K
µ
ν are still undetermined and should be obtained from
some exact solution of the global five-dimensional spacetime. To determine the equations
on the brane one can project the 5D Einstein equations (3) to four dimensions following
the method suggested in ref. [2], but this will reveal a difficult task due to the necessity
of taking into account the evolution of the Weyl term to close the system of equations. A
different approach as discussed by Bine`truy et al. [11] is to solve the 5D Einstein equations
strictly in the bulk (y 6= 0) and then to take the brane into account by using the Israel
junction conditions. In this work we shall keep in mind this latter approach but, having
added the (4)R term, we shall make a different use of the junction conditions. More in detail,
starting from the static Randall-Sundrum scenario we shall obtain in the bulk, away from
the brane, a 5D dynamical line element and the corresponding energy-momentum tensor
both depending uniquely from the scale factor a(t, y). Then we project on the brane this











D + ε (K
A
C KBD −KADKBC) (11)
and taking suitable contractions from the above relation. So it is possible to construct














































δµν − gκµ (5)C
y
κyν (12)
Here (5)Cyκyν is the “electric” part of the bulk Weyl tensor, while T and C are the limiting
values of those quantities at y = 0+ or 0−. Now we search under which conditions the
above field equations, which are devoid of any singular part, once projected on the brane
may be the same as the 4D field equations for an observer just living on the brane. Indeed,
this is possible if we consider equations (10) as the boundary conditions imposed for the
embedding of the brane in the bulk. A different way to put these boundary conditions has
been made neglecting the electric part of the Weyl tensor [8]. The modified conditions will
give an additional contribution to the matter already residing on the brane. So, once we have
arbitrarily chosen the 5D scale factor a(t, y), we can equate the two independent eqs. (10)
and (12) to obtain the energy-momentum tensor (4)T µν and the cosmological constant Λ4 from
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a(t, y) and its derivatives calculated on the brane. It would be possible too, although much
less simple, to obtain the 5D scale factor starting from the knowledge of the 4D quantities.
In either way, for any kind of matter living on the brane we can generate a 4D cosmological
solution consistent with the bulk geometry.
3. Transforming static bulk solutions into dynamical ones
The Randall-Sundrum type models are the simple brane-worlds with curved extra dimen-
sion that allow for a meaningfull approach to cosmology, therefore we start from the static
Randall-Sundrum model but, at this point, we do not yet require Z2 symmetry on reflection
around the brane at Y = 0 so we write Y and not |Y | in the warp factor.
dS2 = e−2κ Y
(
A2 dσ2k − dT 2
)
+ ε dY 2 (13)
Here κ and A are, respectively, the constant scale factors for the extra dimension Y and for
the ordinary three-space and dσ2k is the line element on maximally symmetric three-spaces
with curvature index k = +1, 0,−1:
dσ2k =
dr2
1− kr2 + r
2(dϑ2 + sin2 ϑdϕ2) (14)
Since our purpose is to describe the time evolution on the braneworld, we need to transform
the static bulk solution (13) into a dynamical one. This goal was already achieved in
literature where dynamical solutions are derived from the static Randall-Sundrum metric
by generalized boosts along the fifth dimension [12,13,14]. Applied to the actual case, we


























and χ is a constant responsible of the boost in the
(T, Y ) spacetime.
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As a result the metric (13) becomes:
dS2 =
1







κ2 − ε χ2
κ2 − χ2
) (
−e−2eχ t dt2 + ε e2eκ y dy2
)]
(16)
The above line element has interesting features and is in the form commonly used in cos-
mological applications
dS2 = a2(t, y) dσ2k − n2(t, y) dt2 + εΦ2(t, y) dy2 (17)
but we intend to transform it so that the metric coefficients n and Φ become function of the
scale factor a. The transformations we shall apply are
e−eχ t = F (t, y)
eeκ y = G(t, y)
(18)










κ2 − ε χ2
κ4 χ2
) [−κ2 (dF )2 + ε χ2 (dG)2]} (19)
Now one can choose suitable functions F and G and consequently determine the transformed
functions a, n and Φ:
A2 (κ2 − χ2)
κ2 (F +G− 1)2 = a
2 (20a)
a2 (κ2 − ε χ2)














2 (κ2 − ε χ2)






























Note that the static line element can be recovered from the above equations taking into
account that as χ→ 0 it must result F ≈ 1− χ t− ε (χ2/κ2) eκ y and G ≈ χ t+ eκ y.
Once the new metric coefficients are known it is possible from the Einstein equations (3)
in the bulk, that is, away from the brane at y = 0, to obtain the energy-momentum tensor
(5)TBA recalling that in the coordinate system (17) the non vanishing components of the
7

































































































































Here a dot and a prime denote partial derivatives with respect to t and y, respectively.
We would like to notice that apart from the kind of energy-momentum tensor which arises
from an arbitrary choice of the functions F and G, it must be checked whether the value of
(5)Gyt is zero or not because if one requires, as we shall do in the present work, that there
is no energy flow from the brane towards the bulk and vice-versa, it must result (5)T yt = 0.
However, as eq. (21d) clearly shows, there is no energy flow only for suitable values of the
metric coefficients. A particularly simple choice which makes (5)Gyt = 0 is to assume that
the metric coefficients in the bulk have the form of plane waves propagating in the fifth
dimension, so they become functions either of the argument u = t− λ y or of the argument












Metric coefficients in the form of plane waves in the bulk have previously been used in
the literature in somewhat different contexts [15,16,17,18]. Now we shall assume the Z2
symmetry y → − y and construct a solution of eqs. (20) by matching a solution depending
only on u (for y > 0) to a solution depending only on v (for y < 0).
At this point note a difference with the approach in ref. [11] where it was found that any



















together with (5)Gyt = 0 will be solution of all Einstein equations (21) in the bulk when the
source is only the cosmological constant Λ5. In our case eq. (24) with k = 0 is identically
satisfied when the integration constant C is equal to zero, so it can not be used to obtain the
well known modified Friedmann equation using the Israel junction conditions. The results
(22) and (23) suggest to multiply (20b) by (20c) so, taking into account (20d), we have[
a2 (κ2 − ε χ2)
















= n2 Φ2 (25)
Eliminating G by (20a) and taking the square root one finally obtains
















)∣∣∣∣ = nΦ (26)
Let us first begin working on the y > 0 side. We put a = a(t− λ y) into (26) and recalling
(22), where the constant - and in (23) alike - will be named γ, we obtain the following partial











γ (κ2 − ε χ2) (27)
The general solution is




2γλ (κ2 − ε χ2) (t+ λy) + f(−)(t− λ y) (28)






















which can be integrated, once the scale factor a has been fixed, reminding that in the limit
χ → 0 it must be F (t, y) → 1 and so also f(−)(u) → 1. Of course if one is only interested
in determining n and Φ from (20b) and (20c) it is sufficient the simple knowledge of the
derivative of f(−)(u). Proceeding in an analogous manner when working on the y < 0 side,
we obtain




2γλ (κ2 − ε χ2) (t− λ y) + f(+)(t+ λ y) (30)
where f(+)(v) and f(−)(u) are the same function f of the two different arguments v and u.
As a consequence we can write the function F (t, y) on both sides of the brane at y = 0
simply as




2γλ (κ2 − ε χ2) (t+ λ |y|) + f(t− λ |y|) (31)
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where the superscribed asterisk
∗
denote derivative with respect to (t − λ |y|) so the bulk
line element away from the brane is



























ϕ = 6 ε κ
2 − k
a2(t− λ |y|) (35a)
Gtt = G
y
y = 6 ε κ
2 − 3k
a2(t− λ |y|) (35b)
Comparing with (3) we have
Λ5 = − 6 ε κ2, (5)TBA = diag(p, p, p,− ρ, p⊥) (36)
where
κ25 p = −
k
a2(t− λ |y|), κ
2
5 ρ = −κ25 p⊥ =
3 k
a2(t− λ |y|) (37)
4. Dynamics in the brane
First of all, the 4D line element is given by
ds2 = a20(t) dσ
2
k − n20(t) dt2 (38)
where a0(t) = a(t, 0) and n0(t) = n(t, 0). We consider homogeneous and isotropic geometries
in the brane so the tensor (4)T µν will describe a cosmological fluid endowed with pressure pb
and density ρb which may contain constant terms due, for example, to the brane tension





































































We define a bare 4D cosmological constant as Λ4 = Λ5/2 = −3 ǫ κ2. This value may
be fine tuned by possible constant terms contained in pb and ρb to give the effective 4D
cosmological constant, but in this work we prefer to keep those terms separated. We see
that ρb, but also pb, contains two terms one of which is proportional to the square of the other
and this recalls the well known modified Friedmann equation, but here ρb is not the total
energy density on the brane. Of course from a0(t) one can also obtain other cosmological
quantities such as the Hubble parameter H = a˙0/(n0a0) or the deceleration parameter
q = − (a0 a¨0)/a˙02 + (a0 n˙0)/(a˙0 n0). Difficulties may instead arise from the evaluation of the
proper time τ , when dealing with the integral τ =
∫
n0 dt and a generic scale factor. In
summary, if we start from a known 5D scale factor a(t, y) we have immediately a0(t) and
n0(t) and therefore the solution to the Einstein equations on the brane at y = 0, while using
eqs. (39) and (40) we can obtain the 4D energy-momentum tensor (4)T µν together with the
cosmological constant Λ4. Finally, equating the first and last sides of eqs. (39) and (40), we





















= 3 ǫ κ2 − κ24 ρ (41b)
Here κ24 p and κ
2
4 ρ are the components of the effective energy-momentum tensor on the brane
and can simply be calculated from the last sides of eqs. (39) and (40) once the 5D scale
factor a(t, y) is known. If we define











we can model the fluid in terms of a scalar field φ, minimally coupled to Einstein gravity
and self-interacting through a potential V (φ), with pressure and density given by
pφ = ± φ˙02/(2n20)− V (43)
ρφ = ± φ˙02/(2n20) + V (44)
where the upper (lower) sign corresponds to a standard (phantom) scalar field.
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5. Some illustrative examples
In this section we give some illustrative examples where, for simplicity, we will choose
suitable values for the scale factor a(t, y) and then determine the tensor (4)T µν while to Λ4
is assigned its bare value − 3 ǫ κ. Clearly some particular values of a(t, y) might reproduce
results already known in the literature. Starting instead from the knowledge of (4)T µν would
imply the more difficult task to solve eqs. (39) and (40) for the scale factor a(t, y). In the
following we shall consider a spacelike fifth dimension, so ǫ = 1.
A) Let us first consider the case a(t, y) = (γλ/κ) sin κ(t− λ|y|). The above choice
yields n0(t) = 1 so the coordinate time t coincides with the proper time τ and a0(τ) =
(γλ/κ) sinκ τ . The evolution of the universe begins with a big bang at τ = 0, reaches
a maximum a0,max = (γ λ)/κ and terminates with a big rip at κ τ = π. We do not give
numerical values for γ and λ while κ depends on the scale factor of the fifth dimension.
Cosmological parameters of interest are easily calculated and are given by q = tan2 κ τ and
H = κ cot κ τ . Moreover we have

















γ2λ2 sin2 κ τ
(46)
In the above equations the first terms are, respectively, the pressure pφ and the density
ρφ related with the kinetic and potential energies of a scalar field φ as given by eqs. (43)
and (44), the second terms containing the crossover scale rc represent the additional matter













, V (φ) =
2 κ2
κ24
cosh2 κ4 φ (47)
The same results, starting from different points of view, were obtained in [19].


























































As noted before, some of the above constant terms might be considered as part of the
effective 4D cosmological constant.
C) If we now modify the previous scale factor into a(t, y) = (γλ/κ) (1 − κ(t − λ|y|)− (1+α)
things become more difficult because in all the relevant formula in the brane we need to







1 + 4 (1 + α)2 (1− κ t)2α
2
(1− κ t)− (1+α) (51)
For simplicity we shall consider only the values |α| ≪ 1 so τ can be evaluated integrating
by series around the value α = 0. Apart from the term corresponding to α = 0, already
considered in the previous case, we have a sum of terms which are powers of the quan-
tity α ln (1− κ t). To obtain a reasonable low order approximation we must require that
|α ln (1− κ t)| ≪ 1. Thus we can solve for ln (1− κ t) at the lowest order in α obtaining































































































































so the scalar field is normal if α > 0 and phantom if α < 0. Therefore





























where φ0 is a constant of integration. The exponential growth of the scale factor and the
fact that |(dφ/dτ)2| ≪ V which, in a sense, is equivalent to the field slowly rolling down
its potential, suggests an inflationary scenario. From the expression of φ in eq. (58) we see





















|α| ≫ 1, which is satisfied by |α| very near to zero, and φ0 ≈ 1/κ4 = M4 while
1/κ (in units c = 1) may be even of some order of magnitude greater than the Planck time,
then the scale factor will inflate to an enormous size in a time τf which may be extremely
small. A useful quantity to describe the amount of inflation is the number N of e-foldings
defined by N = ln (af/a0) which can surely made greater than the minimum value usually
required of 60.
These few simple cases have been treated as illustrative examples, while more realistic cases
are expected to require adequate numerical computations.
6. Conclusion
In this paper we have investigated the influence of the (4)R term included in the bulk action
on the spherically symmetric braneworld solutions. The brane dynamics is made closed by
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using the modified junction conditions as the boundary conditions for the embedding of
the brane in the bulk. Brane cosmological solutions consistent with the bulk geometry can
therefore be generated for any kind of matter confined to the brane. We started from a
particular time-dependent solution in the bulk away from the brane but it may be worth
applying the method described here to some of the various exact solutions in the bulk ranging
from the Space-Matter-Theory of Wesson and collaborators to the many generalizations of
the Randall-Sundrum model.
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